In this study, we introduce the notion of pointwise and uniform statistical convergence of double sequences of real-valued functions. We also give the relations between these convergences and pointwise,uniform convergence. Furthermore, we introduce the concept of statistically Cauchy sequence and study statistical analogue of convergence and Cauchy criterion for double sequences of real-valued functions.
Introduction and background
By the convergence of a double sequence we mean the convergence in Pringsheim's sense [6] . A double sequence x=(x jk ) j,k∈N is said to be convergent in the Pringsheim's sense if there exists a number such that x jk converges to as both j and k tend to ∞ independently of one another, in this case we shall write lim j,k→∞
It is trivial that x=(x jk ) converges in Pringsheim's sense if and only if for every ε > 0 there exists n 0 = n 0 (ε) such that |x jk -| < ε, for all j,k ≥ n 0 . The limit is called double limit or the Pringsheim limit of x.
A double sequence x=(x jk ) is said to be Cauchy sequence if for every ε > 0 there exists n 0 ∈ N such that |x pq − x jk | < ε for all p,q,j,k > n 0 . It is known that a double sequence (x jk ) with complex terms is a Cauchy sequence if and only if it is convergent.
The concept of statistical convergence was first introduced by Fast [2] and also independently by Buck [1] and Shoenberg [7] for real and complex sequences. Further this concept for a real double sequence was studied by Mursaleen and Edely [5] and many others.
Let A ⊆ N×N be a two-dimensional set of positive integers. In case the double sequence |A(n,m)| nm has a limit in Pringsheim's sense then we say that A has a double natural density and is defined as
where A(n, m)= { (j,k), j ≤ n and k ≤ m : (j, k) ∈ A} and |A(n, m)| denotes the cardinality of set A ⊆ N×N. Clearly we have
It is obvious that all finite subsets of N×N have zero double natural density. Further some infinite subsets also have zero density. For example, the set A = { (j, k) : j ∈ [3 p , 3 p +p) and k ∈[3 q , 3 q +q) p, q=1, 2, ...} has double natural density zero. We shall particularly concern with the subset of two-dimensional positive integers sets having double natural density zero. If x= (x jk ) is a double sequence such that x jk satisfies property P for all (j, k) except a set of double natural density zero, then we say that x jk satisfies P for " almost all (j, k) ", and we abbreviate this by "a.a. (j, k)".
A real double sequence x= (x jk ) is said to be statistically convergent to the number if for each ε >0,
In this case, we write st 2 − lim j,k→∞
Pointwise and Uniform Convergence for Double Sequences of

Real-Valued Functions
In this paper we deal with double sequences {f jk } whose terms are realvalued functions having a common domain on the real line R. For each x in the domain we can form another double sequence {f jk (x)} whose terms are the corresponding function values. Double sequences in which the elements are function are defined in the same way as are single sequences of real-valued functions. Definition 2.1. A double sequence of functions {f jk } is said to pointwise convergent to f on a set S ⊂ R if, for each point x in S and for each ε > 0, there exists a positive integer N(x, ε ) such that |f jk (x) -f(x)|< ε, for all j, k >N. We write lim
The function f is called the double limit function ( or Pringsheim limit function) of the sequence {f jk } and we say that {f jk } converges (pointwise) to f on the set S. Lemma 2.2. Let {f jk } be a double sequence of functions defined on a set S. Then the Pringsheim limit lim
on S exists iff for all strictly increasing functions j, k : N → N the ordinary limit lim
Proof:The proof is similar to that of Lemma 2 in [4] . Therefore we omit it.
Definition 2.3.
A sequence of functions {f jk } is said to converge uniformly to f on a set S if, for every ε >0, there exists an N(=N(ε)) such that j, k > N implies
We denote this symbolically by writing lim
Now, let us give the following theorem which characterizes the sequence {f jk } uniform convergence or not. 
is continuous on I for each j, k ∈ N, it has absolute maximum value at some point x jk ∈ I, i. 
The necessity is trivial.
It is clear that uniform convergence implies pointwise convergence with the same limit f on the set S. But the converse is not true, as the following example shows.
Let f jk (x)= does not convergent.
3.Statistical Convergence for Double Sequences of Real-Valued Functions
The notion of pointwise statistical convergence for single sequences was introduced by Gökhan and Güngör in [3] . Furthermore they introduce the concept of a statistically Cauchy sequence for functional sequences and prove that it is equivalent to pointwise statistical convergence of sequence of realvalued functions.
We define the statistical analogue for double sequence of real-valued functions {f jk } as follows. 
does not exist. 
Proof:
The proof is similar to that of Theorem 2.1 in [3] . Therefore we omit it. 
Proof: Let st
.. for each (fixed) x∈S. Now we have to show that for (j, k)∈M r,x , {f jk } is convergent to f(x) on S. Suppose that {f jk } is not convergent to f(x) on S. Therefore there is ε >0 such that |f jk (x) -f(x)| ≥ ε for infinitely many terms and some x∈S.
, and by (1), M r,x ⊂ M ε,x . Hence δ 2 (M r,x )=0 which contradicts (2) . Therefore {f jk } is convergent to f(x) on S.
Conversely, suppose that there exists a subset K x ={(j, k)} ⊆ N×N for each (fixed) x∈ S such that δ 2 (K x )=1 and lim j,k→∞ f jk (x) = f(x) on S, i.e., there exists an N(x, ε) such that for each (fixed) x∈ S and each ε>0, j, k ≥ N implies
Hence {f jk } is pointwise statistically convergent to f(x) on S. 
